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Bayesian Pattern Matching Technique for Target Acquisition
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The following acquisition/selection problem is considered: a group of NV targets is observed at time ¢, and one of
them is designated (targeting information). At some later time #; the target group is again observed by a missile
seeker. The targets are assumed to move as a group, as well as individually,between observation times and so have
a dependent motion model. The detection probability at #; is less than one, and so some of the targets may not be
detected. It is also possible that some measurements received at £, may not originate from targets. The problem
is to estimate the state of the designated target at time ¢;, given the two sets of measurements, i.e., to recover
the designated target. We employ a dependent target motion model within a multiple hypothesis framework. The
motion of the targets is modeled as the result of two effects: a bulk component, which is common to all targets, and
an individual contribution, which is independent from target to target. A closed-form solution is derived for the
linear-Gaussian special case, and simulation examples illustrating the technique are presented.

I. Introduction

KEY problem in missile guidance is that of acquiring the

required target in a multiple object scenario. We present a
Bayesian technique for assisting this operation. It is assumed that a
group of targets is observedat time 7, via the fire control system, and
oneof theseis designated. This pattern of targets [sometimes known
as the target object map (TOM)], including the designation marker,
is passed to the missile as targeting information (either prelaunchor
via a data link). The missile then flies to the acquisition point and
scans the target group with its seeker (at time #;). The problem is
to estimate the state of the designated target given the two sets of
measurements, i.e., to recover the designated target from which the
acquisition process may be initiated. The algorithm assumes that
the targets move as a group, as well as individually, between obser-
vation times and that the detection probability at #; is less than one,
so that some of the targets may not be detected. There is also the
possibility that not all measurements received at #; originate from
targets but may be due to clutter or other effects.

This problemis one of data association. The simplestapproachto
problems of associationuncertainty is the nearest neighbor method:
select that association hypothesis that maximizes the measurement
likelihood. This type of assignment is usually implemented via an
efficient search procedure such as the Munkres algorithm or some
variation thereof.! An obvious drawback is that the resulting poste-
rior distribution of the target state ignores uncertainty in the chosen
measurement associationand so is unduly optimistic. Also, if there
are a large number of associations having similar likelihood, i.e.,
if the problem is stressing, there will be a substantial probability
of the chosen hypothesis being incorrect. The relationship between
the Munkres method and the Bayesian scheme proposed here is
discussed more fully in Ref. 2.

The Bayesian multiple hypothesis approach is a better way of
modeling significant uncertainty. In this approach, the posterior
probabilitiesof a number of possibleassociationsare evaluated. This
allows for the possibility of the most likely option being incorrect
and incorporatesuncertainty about the associationinto the posterior
distribution. Rather than consider all possible measurementfarget
associations, it is usual practice to use a gating technique to elim-
inate very unlikely possibilities. For many interesting problems, a
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large number of hypotheses may still remain after gating, and it is
often desirableto perform a further (posterior) hypothesisreduction
after measurement update. This may be necessary to facilitate fur-
ther processing of the estimator output. The most extreme form of
posteriorreductionis the probabilisticdata associationfilter (PDAF)
approach,’ where the posterior probability density function (PDF)
of the target state is approximated by a single Gaussian. A variety of
other reduction methods have been proposed for retention of more
information.*

A common feature of most target tracking/data association algo-
rithms is the assumption that all of the targets present have indepen-
dent motion models. Exceptions to this are group tracking methods,
where the aim is usually to maintain a single track on the group cen-
troid, see Chapter 11 of Ref. 1 and Refs. 5 and 6. In Ref. 5, a general
formulation of the problem is given allowing dependence between
target motion models; however, an explicit solution including this
feature is not attempted. In Ref. 6, the problem is formulated for a
Gaussian influence diagram, and a sequence of tests is employed to
estimate the association hypothesis. In a discussionof Ref. 6, Speed
suggests that it would be better to explicitly model the relationships
between targets and, hence, obtain the posterior probabilities of the
association and the posterior distribution of the target state. This
is the approach adopted for our target selection problem (also see
Ref. 7 where an extensionof the pattern matching approach to group
tracking is described).

In Sec. II we give a detailed problem formulation, and in Sec. III
the required probability models are described. A general solution
is presented in functional form in Sec. IV. In Sec. V, we consider
particular modeling choices that admit an analytic solution. Here
all of the models are assumed to be linear and Gaussian, and the
posterior PDF is obtained as a Gaussian mixture distribution. In
Sec. VI, a hypothesis reduction technique has been developed with
the aim of pruning very unlikely hypotheses, which make negligible
contribution to the posterior PDF, prior to evaluation. A simulation
exampleillustratingalgorithm performanceis presentedin Sec. VII.

II. Formal Problem Statement

Itis assumed that there are N targets present. These are observed
by one sensor at time f, and then by another sensor (of a possi-
bly different type) at a later time #;. During the intervening pe-
riod it is assumed that the number of targets remains constant. The
state of target i at time f, is denoted by x;; where k = 0, 1 and
i =1,..., N.The target state vector includes position and possibly
other attributes. We denote the set of target state vectors at time k
by Xy = (X¢1, ..., Xxny) where k = 0 or 1. The set of measurements
obtained at time #; is denoted by Z; = (21, . ..,z ) Where k =0
or 1; these are the two TOMs. At k = 0, it is assumed that a clean
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picture is obtained and every target is detected, so that Ny = N.
However, at k = 1, each measurementz;; may originate either from
one of the targets or it may originate from some other process. Mea-
surements not originating from a target will be generically referred
to as spurious measurements. Alsoatk = 1, itis possible that notall
of the N targets are detected. For these reasons, in general N # Nj.
Also, the associationsbetween the measurements and the individual
targets is uncertain, i.e., z;; does not necessarily originate from x;;.

One of the measurements from the set Z, is designated. Without
loss of generality, the measurements are relabelled so that zy; is
the designated measurement. It is assumed that the measurement
Zo1 originates from a target d, where d is unknown. The problem
is to estimate the state x;, of target d at time f,, after the receipt
of the set of measurements Z,, i.e., we wish to estimate the state
of the designated target. For the Bayesian solution it is required to
obtainthe PDF of x,, givenall availableinformation,i.e., p(x4 | Z1,
Zy). This PDF, which will be shown to be a mixture distribution,
provides a complete description of the information available on the
designated target for acquisition purposes. From it one may derive a
pointestimate such as the mean or the maximum a posteriori value.
Of particular interest for the missile guidance problem is that this
PDF precisely quantifies the uncertainty in the identity and state of
the designated target, thus providing an indication of the probability
of mission success.

Clearly, to solve the preceding problem several relationshipshave
to be modeled. First, it is necessary to model the mechanism by
which the sensors extract measurements from the scenario, i.e.,
the formation of the TOMs. Also, the process by which the sce-
nario evolves with time has to be modeled. To render the problem
tractable,itis assumed that only two types of spurious measurement
are possible: the first being generated independently of the targets
(and subsequentlyreferred to as clutter) and the second type being in
some way related to the targets (and so being target state dependent).
This second type of spurious measurement might be deliberately or
inadvertently deployed by the target. Because there are N targets,
the number of possible sources for a spuriousmeasurementis N +1.
This is composed of N possible sources for spurious measurements
caused by targets (assuming all N targets are possible sources of
spurious measurements) and one source corresponding to clutter.

The number of targets detected at #; is unknown. This is a further
layer of uncertainty in addition to the unknown measurementfarget
association. Also, the unknown association between spurious mea-
surements and their generating sources needs to be considered. In
the case of spurious measurements caused by a target, the question
of how to deal with the resulting measurement has to be addressed:
Is the measurement to be incorporated into the state estimate, i.e.,
extractinformationon the target state, or is it simply to be discarded
as useless?

A convenient diagrammatic view of the association problem is
given in Fig. 1. Starting from the top left of Fig. 1, we see that
N measurements contained in Z, (the fire control TOM) are ex-
tracted from the N target states in X,. Without loss of generality,
the numbering of the targets can be assigned so that zy; originates
from x(;. The N targets then move according to the bulk and indi-
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Fig.1 Measurement associations with spurious measurements.

vidual motion models to give the states X;.The second sensor then
receives a measurement set Z, the seeker TOM. However, we note
the following for the measurements in this set.

1) An unknown number of targets N is detected where N <
min(N, Ny).

2) The identity of the N, detected targets is not known.

3) The generating source of the remaining (N,-Np) measure-
ments is not known.

To model this, mappingsor hypotheses, 7, and ® areintroduced.
The effect of these mappings is to partition the measurementset Z,
received at time #,, into a set Z; (composed of those measurements
to be associated as originating from targets) and a set Z (composed
of those measurements to be associated as spurious measurements).
Hence, the measurement associationhypothesismay be represented
by the compound mapping ® = (A, ®, ). The mapping t partitions
the measurement set Z, into Z; and Zg. Thus, t: {1,..., N} —
{0, 1} with t (i) = 1 implyingthatunderhypothesist, measurement
zy; belongsto Z7 and 7(i) = Oimplying thatz;; belongsto Z. Note
that

Ny

D) = Np(©)

i=1

where Np(®) is the number of targets detected according to
the composite hypothesis ®. The result of t is that Z; is parti-
tioned into Zy and Zg with Zy = (274, ...,2Zrnp@) and Zg =
(ZR1s -+ »ZRIN, —Np(©)))- [Note that Z; may be uniquely speci-
fied from Z, and t according to the rule: for all i, j such that
(i) = 1(j) = landi > j,if z;4 = zy; and z7,, = zy;, then
k > m, likewise for Z;.] The mapping A associates the mem-
bers of Z; with targets. It is a mapping from the subscripts of
the measurement set Zy onto the subscripts of the target set X;.
Thus, A: {1,..., Np(®)} — {1,..., N} with A(i) = k implying
that under hypothesis A, measurement zr; is associated with tar-
get xy;. For convenience, we also define an inverse mapping, v:
{1,...,N}— {1,..., Np(®)}, such that
V(] if ieR(
) = {O @ k@)
otherwise

where R(1) denotes the range of 2, i.e., those target subscripts that
are associatedwith the measurementsof Z; underhypothesisi. This
is not a true inverse of X, as the domain of A has been augmented by
0 to form the range of . The symbols A and i represent the same
hypothesis and will be used interchangeably. Finally, ® associates

the members of Z with their generating sources, ®: {1, ..., N;-
Np(®)} — {0, 1, ..., N}, where

ol 0 source of measurementzg; is clutter

0= m target m is the source of measurementzg;
with 1 < m < N. Note that whereas A is a one to one mapping, T
and @ are many to one. For ®, this is due to the possibility of many
spurious measurements being associated with the same source.

It has also been assumed that the prior distributions for each
target x; are identical; hence, because all targets and only targets
are observed at time £, it is permissible to relabel the targets so that
targeti is the originatorofz,,. Thus, target 1 is the designated target,
and the problemis to obtain p(x; | Z, Zy).

III. Probability Models

Target Dynamics

The model proposed for the target dynamics and the resulting
solutionare the mostimportantcontributionsof this paper. Instead of
using the standard assumptionthatall N targets move independently
between time steps, it is assumed that the motion of the targets
between fy and #; is the result of two effects: a bulk component B,
which is the same for all targets, and an individual component, w;
for target i, which is independent from target to target. Thus, the
evolution of the target state may be written

x1; = f(xoi, B,w;) for i=1,...,N 1)

where the function f is the same for all targets. The components
B and w; are unknown although their PDFs p(B) and p(w;) are
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available.Itis assumedthat p(w;) is the same for all targets. The bulk
motion B describes the evolution of the target group over the period
(ty, t;). Note that this bulk componentcould also be used to model a
residual, uncorrected misalignment between the coordinate frames
of the two sensors. Equation (1) and p(w;) define the probabilistic
model for the evolution of the target state, p(xy; | xo;, B). Given B,
Eq. (1) implies that the target states are independent, and so the
target group evolution model is

N
p(X1 | Xo.B) = [ | pis | x0:.B) @)

i=1

Measurement Model for Time #,
The sensorat #; is assumed to produce measurements of the form

Zoi = ho(xo;, Voi) 3)

where measurement i originates from target i. In Eq. (3), v; is the
measurement noise, and its PDF p(vy;) is assumed known. Note
that v; is independent of v,; for j # i. The distribution of v; is
assumed to be the same for all targets. Equation (3) and p (v, ) define
the probabilisticmodel for the sensorat time #y: p(zo; | xo;). Because
the v(; are independentand every target is the origin of exactly one
measurement,

N
p(Zo | Xo) = [ | o | x0) @)

i=1

Measurement Model for Time #;

At time t;, the association between the measurements and their
generating sources is unknown. Hence, the measurement model at
t; is developed conditional on the hypothesis ®, which links the
measurements and their sources. Measurements from the various
sources are assumed to be generated as follows:

hy(x,;,vy;) if target j is the source

hg(x,;,vg;) if target jis the source of the spurious

= measurement

he(ei) if  clutteris the source

where hy, hg, and he and the PDFs p(vy;), p(vg:), and p(v¢;) are
assumed known. Also, vr;, vg;, and v¢; are mutually independent.
The distributions of v7; and vg; are the same for all targets. Com-
bining spurious measurements from different sources and using the
independenceof vy;, vg;, and v¢; give the probabilisticmeasurement
model

p(Z1| X1, Np,®)=p(Zr | Xi, Np, A, T)p(Zg | X1, Np, ®,7)
%)

Model for Number of Targets Detected at #;

The detection probability Pp, is assumed to be constant for each
target, and so given that the number of targets is NV, the number N
of targets detected at #,, has a binomial distribution.

Model for Number of Spurious Measurements at #;

The number of measurements received at time #; is equal to
the number of targets detected plus the number of spurious mea-
surements. Thus, in addition to the model for the number of tar-
gets detected, a model for the number of spurious measurements
is required. This then defines the discrete probability distribution
P(N; | Np, N), the distribution of the number of measurements re-
ceived at time #; conditional on there being N targets of which
Np are detected. The form assumed for this distribution is clearly
problem dependent.

Prior information on Measurement Association at #;
Given Ny, N, and Np

Here we make use of the fact that A is conditionally independent
of @ given 7 to obtain

PO | N, N,Np) =pQ|t,N,N,Np)
X p(® | t,Ni, N,Np)p(t | Ni, N, Np) (6)

Because the sensor scan patterns at f;, and ¢, are assumed indepen-
dent, for given N;, N, and Np, a priori the hypotheses A are all
equally likely, as are the hypotheses t. Thus, p(A |7, N;, N, Np)
may be obtained from the number of possible hypotheses A given
7, Ni, N, and Np, and p(z | N;, N, Np) may be obtained from the
number of possible hypotheses T given N;, N, and N, (see Ref. 8
for further details). However, the prior probability of hypothesis ®
depends on our prior beliefs concerning the relative chances of each
of the available sources generating a spurious measurement. Here
we assume that the probability of a spurious measurement being
clutter generatedis Pc, and all N targets are equally likely to cause
spurious measurements. Hence, the probability of a spurious mea-
surement being caused by targeti is (1 — P¢)/N fori = 1,..., N.

Prior Information on Target States and the Bulk Motion at ¢

Itis assumed that the prior information on the targetstates at time
1y is independent and the same for each of the N targets, and hence
itis given by

N
pXo) = [ [ o)

i=1

This represents very vague information concerning the location of
the targets prior to measurements being obtained. Note that no in-
formation on the group structure is available prior to the first set
of measurements Z,. The prior distribution of the bulk term B is
assumed to be available and is denoted by p(B).

IV. General Solution

Our route to obtaining p(xy; | Z,, Z,) is to construct p(X, | Z,,
Z,) and then derive the PDF of the required target by integrating
out the other members of the target set. It is convenient to write

PX1 1 Z1. Zo) = Y p(X1 1 Z1. 20, ©)p(© | Z1. Zo) (D)
®

Here the summationis over every possible hypothesis ®, p(X, | Z;,
Zy, ©) is the posterior PDF of the target set X conditional on the
compound hypothesis ® being correct,and p(® | Z,, Z,) is the pos-
terior probability that © is correct. Clearly, to constructthis mixture
density itis necessarytoderive p(X; | Z,, Z,, ®) and p(® | Z,, Z)
and to enumerate every possible hypothesis ©.

Posterior Probability of X; Given ®

It is convenient to introduce the auxiliary parameter B, as the
target states are independent given B. This allows X, and X, to be
decomposed into individual components

pXi1Zy,2,0) = /P(Xl | Z,,2y,B,0®)pB | Z,,Zy, ®)dB

®)
The posterior PDF of X conditionalon B and ® is given by

p(Xi11Z1,20,B,0) x p(Z, | X1,Zo,B,®)p(X, | Zy,B)

N
=p(Z 1 X, 0 [ [ pxii 120, B) 9

i=1

where the likelihood of X can be obtained from the available mea-
surement models. The posterior of B conditional on hypothesis ®
is given by

PBIZ,Zy,0) x pB)p(Z, | Zo, B, ©)
= P(B)/P(Zl | X1,©)p(X, | Zo, B) dX,
(10)
In Eqgs. (9) and (10),

N
p(Xi 1 Zo,B) =[] ptxii | 201, B)

i=1
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the prior of X, given Z, and B, can be obtained from the dynamics
model (2), the measurementmodel (4) for time £, and the prior PDF
of the target states before any measurement, p(X).

Posterior Probability of ®

To evaluate this probability, the uncertainty in the number of
detected targets must be considered. It is convenient to define the
notation Z; = (Z}, N;). This emphasizes that Z, consists of the
dual information of the measurement values Z} and the number
N, of measurements received at time ¢,. Similarly, Z, = (Zj, N).
Using this notation we have

PO 12,2 = p(©

Z;,Z; N\, N)

o« p(Z7| 25, N\, N, ®)p(@ | N,,N) (11)

where p(® | N, N) = p(® | Z;, N;, N) because the conditioning

on Z; alone contributes no extra information about ®. The likeli-
hood is simply given by

p(z;

Zg,Nl,N,(-))=/p(Zf|Z0,B,N1,(-))p(B)dB (12)

where p(Z} | Z,, B, N,, ®) can be extracted from Eq. (10). Here,
p(® | Ny, N) is the probability of the compound hypothesis given
N, and N. Using the theorem of total probability

min(N1,N)
PO | N, N)= p(© | N\, N,Np)p(Np | N\, N) (13)

Np=0

The terms of the summations can be obtained from the prior dis-
tribution of ® given by Eq. (6) and prior models for the numbers
of detected targets and spurious measurements at #,. It can be seen
that even to obtain the probability of a single hypothesis, Eq. (11)
must be evaluated for every hypothesis to obtain the normalizing
denominator. This may entail an enormous computational effort.
Also note that the hypothesis probabilities contain other interesting
and useful information for missile guidance decisions. For exam-
ple, the posterior probability that measurementzy; originated from
target k is simply obtained by summing the posterior probability of
all hypotheses © for which A(i) = k. In the same way, the posterior
probability that target k£ was not detected at time ¢, is the sum of
p(@®|Z,, Zy) for which ¥ (k) = 0.

A formal solution for the required PDF, p(x,; | Z,, Z;), may be
obtained directly by integrating Eq. (7) over x5, X13, . .., X1n.

V. Particular Solution for
the Linear-Gaussian Problem

In general, it is not possible to obtain a closed-form solution for
p(X,|Z,, Zy) due to the integrations involved. In this section we
present a special case for which a closed-form solution does exist.
The motion and measurement models are all taken to be linear and
Gaussian, and all of the target prior distributions are Gaussian.

Following Ref. 3, page 168, the number of spurious measure-
ments is assumed to have either a Poisson distribution or a uniform
distribution (Ref. 3 refers to the uniform model as the nonparamet-
ric approach). It is further assumed that clutter is the only source
of spurious measurements and that they have a uniform spatial dis-
tribution. A linear/Gaussian model assumed for the other spurious
measurement generating sources would also admit an analytic solu-
tion, but for simplicity this case is not shown here. The compound
permutation ® is reduced to only include A and t (P is redundant).
The posterior distribution for X is obtained as a Gaussian mixture.
In this case the posterior PDF of any targeti (including the required
target i = 1) is simply obtained as a mixture over the appropriate
(Gaussian) marginal PDF of each componentof p(X, | Z,, Zy):

P Zi. Zo) = Y pei | Z1. 20, ©)p(© | Z1. Zy)  (14)
®

The assumed models and prior distributions are taken to be as fol-
lows.

1) For target dynamics
xy; =f(xoi, B,w;) = Axp; + I'\B + Iaw;

where w; is a Gaussian random variable with zero mean and covari-
ance Q fori =1,..., N. Also,w; and w; are assumed independent
fori # j. Thus,

p(xi; | xoi, B) = N(Axy + I'\B, T, QI'7)

where N (¢, D) is a Gaussian PDF of mean ¢ and covariance D.
2) The measurementequations for the two sensors are of the form

Zoi = Hyxoi + vy for i=1,...,N
iri = Hlxl,\(,-) + vy for i=1,..., ND
ZRi = VRi for i=1,...,N1—ND

with p(vy;) = N, Ry) fori = 1,..., N, p(vy;) = N(O, R)) for
i=1,...,Np,and p(vg;) = V' fori =1,..., N\-Np, where V
is the volume of the search box employed at #,. Here, v;, v7;, and
vg; are assumed independent. This gives

P(zoi | x0:) = N (Hoxoi, Ro)
P@ri | X124y, ®) = N(Hixpy, R1)
pgi | ©) =V~!

These models define the likelihood of X, in Eq. (9). Note that the
association permutation ® has been included in the conditioning of
the measurement model at time #,.

3) The prior PDF of the target state is taken to be

N
p(Xo) =] [ pexon)

i=1

where p(x;) = N (xo, My) fori =1, ..., N.The bulk motion prior
is also Gaussian, p(B) = N (b, Q).

4) The scan patterns of the sensors at times f, and ¢, are assumed
to be independent, and so the prior probabilities of the hypotheses
are taken to be uniform.

Posterior Distribution of Required Target x;
Given ©: p(x11 |21, Zy,0®)

Using these prior distributions and models, the following distri-
butions may be derived (details are given in Ref. 8).

Posterior Distribution of the Bulk Motion Givgn ®: pB|Z1, Zo,®)
From Eq. (10) p(B| Z,, Zy, ®) = N[B(®), P3(®)], where

B©)=b+Py@T]HS™ > v,(®) (15)
i€R()
Py(©) = [@7' + Np@TTHI s~ BTy ] (16)

with
S=R,+HMH, M, = AP,A" +T, QT
Py= (My' + HI Ry ' Hy) ™
vi(®) = zrya) — Hi(Axg; + T'1b)
X0 = X0 + Ko(zo; — HpXo), K, = POHOTR(;I

Note thatv; (®) is equivalentto the innovationin a Kalman filter. Py,
B, and N, have all been written as a function of ® to indicate that
they depend on the number of associated measurements under ®.
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Posterior Distribution of Target i Given ©: p(xy; | Z1, Zy, ©)
Here,

pxy | Zy, Zy, ©) = N[x,;(©), Py;(O)]

where

% (0) =

{Afcm +T,B(©) it igRO) o
(I—KlHl){AJ}(\?o,+F1§(®)}+K11T¢(,) if IGR()»)

M, + T, PgI'T
P(©) = { !

and
Ky = (M7 + HTR'H) HI R

Note that there are two results depending on whether or not the hy-
pothesis © indicates that target i has been observed. If targeti has
not been observed, then the predicted position is only updated by
the posteriorbulk mean. However, if targeti has been observed (ac-
cordingto ®), then this measurementis used to update the predicted
position in conjunction with the posterior bulk mean. Note for the
designated target set,i = 1.

Posterior Probability of Hypothesis ®: p(® | Z,, Z;)

Solutions are given for both a Poisson distribution and a uni-
formdistributionfor the number of spuriousmeasurementsreceived.
These clutter models are widely used in target tracking studies.?

Number of Spurious Measurements

The distributionof the number of spurious (clutter) measurements
is taken to be either Poisson with mean (V') (where p is the density
of clutter measurements) or uniform. Hence,

PNy | Np, N) =
eV (uV)NM-No /(N; — Np)! for N; > Np: Poisson model
) for N; > Np: uniform model
where § is any positive constant.
Posterior Probability of ®: p(® | Z, Zy)

Using the prior information and measurement models, the fol-
lowing result may be obtained for P, < 1 and v > 0 (see Ref. 8):

PO | Zy,Zy) x p(Zr | Zo, O)p(Zg | ©®)p(® | N\, N) =

(M7 + HIRPH) ™+ (1 — K HOT PR (= K H)T i € RG)

[u(l — Pp)

and
S+ X p z
S, = E S+
: . z
p X S+X
with

Y= HIFIQFITHIT

if i¢ RO 08

and where m is the dimension of the measurementsz,;. Sg contains
Np(®) x Np(®) block elements. From the Appendix, the determi-
nant of S is given by

[Sol = [SI" @~ x |S + Np(@)Z|

From Eq. (20) it is clear that F'(®) is always greater than or
equal to zero, so that the posterior probability of ® increases as
F(©) approaches zero. The first summation in Eq. (20) is a mea-
sure of how well the measured displacementsof the targets under ®
match the expectedbulk motiond. A good matchis indicatedby low
values for the v; (®), which make up the summation. The second
summation is over quadratic forms in [, (®) — v;(®)]. The vector
[k (®) — v;(®)] is the difference between the measured displace-
ment of target i and that of target k under hypothesis ®. Thus, the
second summationis a measure of the similarity of the displacement
of each target (the summation being over all target pairs) and is in-
dependent of the expected bulk motion b. Hence, the hypothesis ©
minimizing the summation /' (®) is the result of a tradeoff between
matching the prior model parameters and matching the model struc-
ture. The balance between the two summations is controlled by the
relative uncertainties in the bulk motion, the within group motion
and sensor errors.

A flow diagram of the algorithmis given in Fig. 2.

Allmodelsusedin this analyticsolutionwere linearand Gaussian.
This limits the group bulk motion to a simple translation. Exten-
sion to allow nonlinear bulk effects such as rotation and expansion
would be valuable. Sample-based techniques, such as the bootstrap
approach 3 offer potential approximate implementation strategies
for these analytically intractable, but desirable, modeling assump-
tions.

Np(®) ~
i| X N[Z(0), Se] : Poisson model
VP Np(©) (19)
[N, — Np(®)] x (1 ; ) x N[Z7(©), Se]: uniform model
— 4D

with
NZ1(©). 5) = 2LO)
’ V@) ®)|S, |
where
F(©) = Z uiT(®)[s+ ND(@))HIFIQF{H{]’IV,-(@)

ieR()

DD DR CIEPACHY

ieR(M) ke R(A),k>i

x STUH\T Py H S™'{1i(©) — v;(0)] (20)

VI. Hypothesis Construction and Reduction

To implement this algorithm, the measurement-targetassociation
hypotheses ® must be enumerated. Algorithms for generating ev-
ery feasible hypothesis are readily available.® The total number of
hypotheses Ng can be enormous, and with substantial calculations
required for each hypothesis, a full analysis can be computation-
ally prohibitive. However, for many problems, the vast majority of
these hypotheses have only very small posterior probability and,
hence, make a negligible contribution to the full solution. These hy-
potheses, therefore, can be ignored with minimal effect (although
strictly the solution would be suboptimal). It would clearly be ad-
vantageous to discard these most improbable hypotheses without
evaluating their posterior probabilities. This could be viewed as a
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Fig. 2 Flow diagram for Bayesian algorithm (linear-Gaussian model).
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Fig.3 Example of hypothesis construction.

coarse prefilter to select the most important hypotheses for further
consideration. Such a scheme is described next. The discussion is
limited to the linear-Gaussiancase, with only state independentspu-
rious measurements. Also, the prior probabilities for the hypotheses
have been assumed to be uniform, i.e., uninformative, and hence it
follows that hypotheses having low likelihood will also have low
posterior probability.

The technique relies on the clear and complete picture of the tar-
gets obtained at time #,. This picture effectively defines a grid of
gates in the measurement space of the second sensor at time #,. The
relative spacing of the grid centersis determined by therelative spac-
ing of the target state estimates Xo; (obtained from measurements
at 7y). The size of the gates is chosen to accommodate (with high
probability) independentand within group motion, together with the
measurementerrors of the two sensors. Thus, it should be possible to
positionthe grid of gates within the measurementspace, so thateach
measurementz ; falls within one of the gates. Moreover, the transla-
tion of the grid should be compatible with the uncertaintyin the bulk
motion of the targets, defined by the mean b and covariance 2. This
possible translations of the grid that meet these conditions identify
hypotheses ®, which have a nonvanishingposteriorprobability. The
reasoning leads to a fairly economical scheme for constructinga re-
stricted set of feasible hypotheses. The proposed algorithm consists
of the following steps (also see the illustrative example in Fig. 3).
Repeat steps 1-5 with Np = 1, ..., min(N, N).

1) Determine all possible sets of size N from N. For each of
these, repeatsteps 2-5S with j = 1,..., N;.

2) Consider the associationof gate 1 with z; ;. If this is incompat-
ible with the known degree of uncertainty in the bulk motion, then
increment j and repeat, otherwise go to step 3.

3) Estimate the bulk motion for this associationand translate the
grid accordingly.

4) Test each measurementz;; for membership of each gate. Thus,
construct a matrix indicating which measurements fall within each
of the gates.

5) Using the rule that every gate must be associated with exactly
one measurement and each measurement may only be associated
with (at most) one gate and that every unassociated measurement is
a clutter return, construct all possible hypotheses ©.

In this algorithm, there are N, gates in the grid, each gate cor-
responding to a detected target at time ;. Thus, there should be no
empty gates. Because it is not known which of the N targets were
detected at #;, hypotheses must be constructed for every possible
combinationof targetdetections.Step 1 is a combinatorialalgorithm
that generates the N!/Np! (N-Np)! possible grids. The algorithm
NEXKSB (taken from Ref. 10, pages 21-34), which generates the
combinations in alphabetical order, has been employed. The gates
are numbered from 1 to Np, and each combination is effectively a
mapping from gate number to target subscript. Because the number
of targets detected, N, is unknown, the process is repeated for all
possible values of Nj. Note that the hypothesis where Np = 0 is
always accepted.

Step 2 considers a possible association between one of the mea-
surements z;; and the target corresponding to gate 1, which will
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be denoted target i. The current value of i is determined by step 1.
Possible associationbetweenz, ; and targeti is tested using a x> test
with threshold 7. It is possible that the preceding association test
with target i may be failed for all measurements. In this case, every
combination of grid gates for which targeti corresponds to gate 1
will also fail, and so need not be tested. This is easily implemented
as step 1 generates combinations in alphabetical order.

Given that the association test is passed, step 3 produces an esti-
mate of the bulk motion based on X(; and z,;, and the grid of gates
is translated accordingly. In step 4, every measurementis tested for
membership of each of the gates, again using a x? test with thresh-
old 75. The result is stored in a matrix that indicates which of the
measurements fell within each of the gates.

In the final step 5, a hypothesis constructionalgorithmis run over
the gate membership matrix. This generates all feasible hypotheses
® from the requirement that for every hypothesis, every gate must
be associated with exactly one measurementand each measurement
may only be associated with one gate. When all gates have been
assigned a measurement for a given hypothesis, all remaining mea-
surements are taken to be clutter.

The following points should be noted.

1) The hypotheses selected by this algorithm may depend on the
labeling of the gates, and in particular on which target corresponds
to gate 1. This is because gate 1 is used to define the translationof the
grid in step 3 of the algorithm. Labeling a different gate as number
1 would result in a different set of gate translations and so might
change the selection of the hypotheses. However, provided the gate
sizes are chosen to be sufficiently large, the only difference should
be in those hypotheses that are only barely acceptable, i.e., highly
improbable, and so are of little consequencein the final solution.

2) The setting of the thresholds 7} and 75 should strictly depend
on Np, thenumberoftargets detectedat time ¢,. Suppose that thresh-
olds were chosen so that the probability of incorrectly rejecting a
measurement was Py. If each individual measurement-gate accep-
tance test were independent, then the probability of rejecting the
correct hypothesiswould be P. = 1 — (1 — P;)"?. Because of the
coupling from the bulk motion, these tests are not independent,and
so P, is somewhatless than this upper bound. However, for fixed Py,
the value of P. will rise with Np. It is recommended that the thresh-
olds 7} and 7, should be chosen with rejection probabilities of 0.001
(so that for two-dimensionalmeasurementvectors 7, = T, ~ 13.8);
this should be reasonable for small Nj, for example, less than 10.

VII. Simulation Example

To illustrate the particular solution obtained in Sec. V, we present
the following simulation example. The solutionis obtained by eval-
uating Eqs. (15-18), (19), and (20). For the results given here, the
posterior densities and probabilities have only been evaluated for
those hypotheses selected by the constructionalgorithm of Sec. VI.

For this simulationexample, the followingassumptionsare made.

1) The state vectorx and the measurement vectorz are two dimen-
sional and are composed of the Cartesian coordinates of the target
positionin a plane.

2) MO = molz, RO = r0[2, Rl = rllz, Q = qlz, and Q = 0'212,
where my, 1o, r1, ¢, and o? are positive scalars and I, is the 2 x 2
identity matrix.

3) Here my > r.

4)A = Fl = FO =H1 = HO =Iz.

5) Exactly matched models have been assumed.

Thus, the two Cartesiancoordinatesof the targetsare independent,
and the uncertainty on each coordinate is the same. The number of
targets in the initial group is six, and the targets are arranged in
a triangular pattern. Figure 4 shows the target and measurement
positions seen by a fire control system at targeting time #,, with
the measurements having been numbered. The actual positions of
the targets are represented by the triangles and the measurements by
the crosses. The prior mean for the group motionis b = (0.0, 0.0)7
with variances? = 10.0. This value of o2 includesuncertaintyabout
the bulk motion of the targets, together with uncertainty in sensor
grid alignment due to missile navigation errors and misalignments.
The prior mean for the bulk motion has been set to zero to indicate
no prior knowledge as to which direction the group will move. For

Tablel Pr{+@i)=j|Z,,Zy}: posterior probability that measurement
zy; originates from target i

Target number i
Measurement g

number j at 7| 1 2 3 4 5 6

1 0.9395 0.0605 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.8267 0.0000 0.1733 0.0000 0.0000
3 0.0258 0.0035 0.9677 0.0000 0.0000 0.0030
4 0.0000  0.0000 0.0000 0.0000 1.0000 0.0000
5
N

0.0004 0.0000 0.0315 0.0000 0.0000 0.9680
ot detected 0.0343  0.1093 0.0008 0.8267 0.0000 0.0290
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Fig.5 Measurement positions at #;.

the within group maneuvers, the variance ¢ = 0.2. Measurement
accuracyof the sensorsistakentobery = r; = 0.01. Atthetime?, of
seeker activation, the detection probability is taken to be P, = 0.8.
The observation region of the seeker at #; is set via the predictive
distribution p(X, | Z,). For target i, the predictive distribution is
p(x1; 1z0:) = Nlzoi + b, (¢ + 1o + 1y + o) 1,]. By evaluatingzo; +
b+3(q+ry+r +02)Y? (1, )T for each of the N targetsin turn,
and taking the maximum and minimum in the x and y directions,
we obtain a box that the group falls within with high probability.
The aim here is to derive an observation region sufficiently large
to contain the whole target formation and not just the designated
target. The resulting search box volume is V = 497. Two cases of
this example have been simulated: with and without clutter.

First considerthe no-cluttercase for which the measurementsat ¢,
are shown in Fig. 5. In this realization, the actual bulk translation of
the group was B = (5, 5)7, and the sensor observationregion is in-
dicated by the dashedrectangle. Note that only five of the six targets
are detected, and it appears that target number 4 has been missed.
This is the case, and the correct association ® is indicated by the
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Table2 Top 10 components of the posterior PDF of target 1

k O = (A, Tk PO | Zy, Zo) *11(6p) P (O) B(©y)

1 1,2,3,0,4,12) 0.050 5.130 7.030 0.010 0.010 5.337 5.055
2 1,2,3,0,4,5) 0.050 5.114 7.035 0.010 0.010 4.990 5.169
3 1,2,3,35,4,5) 0.049 5.118 7.044 0.010 0.010 5.060 5374
4 1,2,3,35,4,12) 0.039 5.131 7.023 0.010 0.010 5.349 5279
5 1,2,5,0,4,12) 0.030 5.133 7.023 0.010 0.010 5.397 40912
6 0,1,3,2,5,12) 0.030 5995 7.454 0.254 0.254 5969 5.568
7 (3,1,5,2,4,12) 0.030 6.300 6.322 0.010 0.010 5.895 5.121
8 1,0,3,2,4,12) 0.029 5.141 7.038 0.010 0.010 5.585 5.248
9 0,1,3,2,4,12) 0.023 5.783 7.294 0.254 0.254 5.756 5.408
10 (1,35,3,2,4,5) 0.017 5.118 7.044 0.010 0.010 5.060 5374
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Fig.7 Measurement positions at #;.

6-tuple ® = (1, 2, 3,0, 4, 5), [where the ith member of the 6-tuple
is ¥ (i), the number of the measurement from Z, associated with
targeti and O indicates a missed target]. With the prior information
thatno clutteris present, the hypothesisconstructionalgorithm gen-
erated 43 out of the 6!/(6 — 5)! = 720 possible hypotheses. From
these hypotheses,using the results of the precedingsection, the pos-
terior density p(xy, | Z,, Z,) of the designated target (number 1)
may be evaluated. A surface plot of this PDF is shown in Fig. 6. As
would be expected, for this fairly easy problem, the PDF exhibits a
large spike over the position of the required target. The low humps
around the main spike result from hypotheses that do not associate
measurement 1 at #; with target 1. It should be noted that other use-

10

I R Y RS AT S S NN SN SR N

L S B e B e S S A

Fig.8 Contour plot of p(x(y | Zy).

ful information can be extracted from this Bayesian solution to the
selection problem. In particular, the possibility that measurement j
from Z, originates from targeti may be obtained by summing the
posterior probabilities of the appropriate association hypotheses:

Priy()=j1Z.Zd = Y, PrOIZ.Z} @D

Os.ty(i)=j

These probabilities have been evaluated for this example and are
listed in Table 1. Note that there is a high probability that target 1
originates from z;, and that target 4 is not detected at #,.
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Now consider the more difficult problem, when clutter is present.
Figure 7 shows measurements at time f; for a clutter density of
n = 0.1. Thus, the expected number of clutter measurements is
nV = 49.7. In fact, the simulation produced 50 clutter measure-
ments within the observationregion together with the five target de-
tections (in the same positions as for the no-clutter case and labeled
1-5). Because it is assumed that target and clutter measurements are
indistinguishable,there is clearly considerable uncertainty as to the
location of the targets.

Figure 8 shows a contour plot of p(x; | Zy), the predictive PDF
of xy; priortoreceiving Z,. Contours containing 50, 75, 90, 95, and
99% of the probability mass have been shown. The measurementset
Z, hasbeen overlaidon Fig. 8, and the target positionsat #; are given
(by triangles). Note that due to the large number of measurementsin
the region of high-probabilitydensity, techniquessuch as the PDAF?
are inappropriate. Also note that measurement 41 is closest to the
predictive mode for target 1. The hypothesis generation algorithm,
with x? thresholdsof 13.816 (p = 0.001), gave 15,195 hypotheses
from a total of about 2 x 10'* possible associations,a reduction of
around 10°:1. Clearly the full total is computationally prohibitive,
whereas the reduced total is acceptable.

Table 2 gives some parameters of the posterior PDF. In Table 2,
k is the hypothesis number, © is the hypothesis, p(®y | Z,, Z;) is
the posterior probability of hypothesis ®;, and X, (©,) and P,(®;)
are the posterior mean and covariance of p(xy, | Zi, Zo, ®;). Note
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Fig.9 Contour plot of p(x1q | Z1, Zy).

that because the covariance matrix is diagonal, only the variances
in the x and y directions have been given. For each hypothesis
®,, the posterior expected value of the bulk motion B(®,) is also
given. The components have been sorted in descending order of
posteriorprobability,and so ®; has the largest posterior probability.
The 10 components with largest posterior probability are shown
in Table 2. Although the true hypothesis is at position 2, the most
probablecomponentis in error only for target6 (whichis incorrectly
hypothesised to be associated with measurement 12). The overall
mean and covariance of the required mixture p(xy, | Z;, Z;) are
x11(®) = (4.901, 6.500)7 and

P(©) - 4334 0.550
7 TN0.550 4796

The true value of the target state is x;; = (5.250,7.012)7 and of
the bulk motion B = (5.000, 5.000)7 .

Figure 9 shows a contour plot and Fig. 10 gives a surface plot of
the posterior PDF p(xy, | Z,, Zy). The contour lines in Fig. 9 are
set at the 50, 75, 90, 95, and 99% heights of the dominant mixture
component. The many widely spacedmodesindicatethe difficulty of
the associationtask; however,most probabilitymass is in the vicinity
of the target. Although measurement41 is closest to the predictive
mode in Fig. 8, the group pattern information contained in Z; was
sufficiently strong to move the majority of posterior probability
mass away to other potential groupings. However, the key point
is that this posterior PDF is a rigorous probabilistic quantification
of uncertainty in the designated target location and provides the
necessary information for an acquisition decision.

To provide an indication of the required computation time for
this Bayesian algorithm, the execution times for the preceding two
examples have been measured for a DEC Alpha EV5.6 operating at
450 MHz using 64-bit arithmetic. The first example has no clutter,
and only 43 hypotheses need to be evaluated (selected from a pos-
sible 720 by the gating scheme). Execution time, including gating,
was about 0.018 s. The second example is much more challeng-
ing and requires over 15,000 hypothesis evaluations (selected from
about 2 x 10'° possibilities). Total execution time for this case was
0.58 s, comprising 0.28 s for gating and hypothesisconstructionand
0.3 s for executing the Bayesian algorithm. It should be noted that
no deliberate attempt has been made to optimize the code, and it is
possiblethat significant reductionin this computationtime could be
achieved. However, for real-time applications,it would be necessary
to impose an upper limit on the number hypotheses via an adaptive
version of the gating algorithm.

Fig. 10 Surface plot of p(xy; | Zy, Zy).
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VIII. Conclusions

The posterior PDF of the designated target’s state required for
acquisition is obtained as a mixture PDF resulting from the super-
position of all possible measurement association hypotheses. An
important feature of this Bayesian solutionis that the posterior PDF
precisely quantifies the uncertaintyin the state of the designated tar-
get, thus allowing an informed acquisitiondecision. An easily iden-
tified target will result in the probability mass being concentrated
about a single point in state space, whereas significant uncertainty
as to the identity of the required target will result in a multimodal
distribution with a number of distinct concentrationsof probability
mass. This can be seen in one of the simulation examples, where
the presence of very dense clutter has lead to many modes in the
posterior PDF.

Appendix: Proof of Matrix Determinant
for Measurement Likelihood Evaluation
We first state the following result for partitioned matrices, see
Ref. 11, page 258.If A and D are square matrices and A is nonsin-
gular, then
A B o
=|A||D — CA™ B|
C D

Theorem: For the n x n element partitioned matrix

A+B B ... B
B A+B :

S,(A, B) = . .
B ... B A+B

the determinantis given by
1S.(A, B)| = |A|""'|A + nB|

Proof: For n = 1, this is trivially true. Now assume the theorem
holds for n. Then,

[Su+1(A, B)]

|A + B|

S.(A, B— B(A+B)"'B)|
= |A+ B

S.(A,A(A+ B)"'B)|

Now, from the theorem,

S, (A, A(A + B)’IB)| = |A""'|A+nA(A+ B)"'B|
= A" A(A+B) "(A+ (m + 1)B)|
= |A|"|A+ B|"'|[A+ (n+ 1)B|
which gives
[Su1(A, B)l = |Al"|A + (n + 1) B]
The theorem is proved by induction.
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